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POSITIVE TOPOLOGICAL ENTROPY OF REEB FLOWS ON
SPHERIZATIONS
LEONARDO MACARINI AND FELIX SCHLENK
Abstract. Let M be a closed manifold whose based loop space Ω(M) is “complicated”.
Examples are rationally hyperbolic manifolds and manifolds whose fundamental group
has exponential growth. Consider a hypersurface Σ in T ∗M which is fiberwise starshaped
with respect to the origin. Choose a function H : T ∗M → R such that Σ is a regular
energy surface of H , and let ϕt be the restriction to Σ of the Hamiltonian flow of H .
Theorem 1. The topological entropy of ϕt is positive.
This result has been known for fiberwise convex Σ by work of Dinaburg, Gromov, Pa-
ternain, and Paternain–Petean on geodesic flows. We use the geometric idea and the
Floer homological technique from [19], but in addition apply the sandwiching method.
Theorem 1 can be reformulated as follows.
Theorem 1’. The topological entropy of any Reeb flow on the spherization SM of T ∗M
is positive.
For q ∈ M abbreviate Σq = Σ ∩ T ∗qM . The following corollary extends results of Morse
and Gromov on the number of geodesics between two points.
Corollary 1. Given q ∈M , for almost every q′ ∈M the number of orbits of the flow ϕt
from Σq to Σq′ grows exponentially in time.
In the lowest dimension, Theorem 1 yields the existence of many closed orbits.
Corollary 2. Let M be a closed surface different from S2, RP2, the torus and the Klein
bottle. Then ϕt carries a horseshoe. In particular, the number of geometrically distinct
closed orbits grows exponentially in time.
1. Introduction and main results
The topological entropy htop(ϕ) of a diffeomorphism ϕ of a compact manifold P is a basic
numerical invariant measuring the orbit structure complexity of ϕ. There are various ways
of defining htop(ϕ), see [26] and Section 5.2 below. In this paper, we show that for a certain
class of diffeomorphisms ϕ on a certain class of manifolds P , the number htop(ϕ) is always
positive. We start with introducing the manifolds, first addressing the base manifolds M
and then the hypersurfaces Σ ⊂ T ∗M , and then describe the diffeomorphisms studied.
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1.1. Energy hyperbolic manifolds. The complexity of our flows on Σ ⊂ T ∗M comes
from the complexity of the loop space of the base manifoldM . Let (M, g) be a C∞-smooth
closed connected Riemannian manifold. We assume throughout that M is connected. Fix
q0 ∈M and denote by Ω1(M, q0) the space of all paths q : [0, 1]→M of Sobolev class W 1,2
such that q(0) = q(1) = q0. This space has a canonical Hilbert manifold structure, [28].
The energy functional E = Eg : Ω1(M, q0)→ R is defined as
E(q) := 1
2
∫ 1
0
|q˙(t)|2 dt
where |q˙(t)|2 = gq(t) (q˙(t), q˙(t)). For a > 0 we consider the sublevel sets
Ea(q0) :=
{
q ∈ Ω1(M, q0) | E(q) ≤ a
}
.
Let P be the set of non-negative integers which are prime or 0, and write Fp = Zp and
F0 = Q. Throughout, H∗ denotes singular homology. Let
ιk : Hk (Ea(q0);Fp) → Hk
(
Ω1(M, q0);Fp
)
be the homomorphism induced by the inclusion Ea(q0) →֒ Ω1(M, q0). It is well-known
that for each a the homology groups Hk (Ea(q0);Fp) vanish for all large enough k, cf. [3].
Therefore, the sums in the following definition are finite. Following [19] we make the
Definition The Riemannian manifold (M, g) is energy hyperbolic if
C(M, g) := sup
p∈P
lim inf
m→∞
1
m
log
∑
k≥0
dim ιk Hk
(
E 12m2(q0);Fp
)
> 0.
Remarks. Since M is connected, C(M, g) does not depend on q0. Since M is closed,
the property “energy hyperbolic” does not depend on g. We say that the closed manifold
M is energy hyperbolic if (M, g) is energy hyperbolic for some and hence any Riemannian
metric g on M . ✸
Examples. “Most” closed manifolds are energy hyperbolic:
1. Manifolds whose fundamental group has exponential growth. Assume that
the fundamental group π1(M) has exponential growth. This is, for instance, the case
if M admits a Riemannian metric of negative sectional curvature, [32]. By Proposition 1.8
of [19], M is energy hyperbolic.
2. Hyperbolic manifolds. Given a continuous map f : (X, x)→ (Y, f(x)) between path-
connected pointed spaces, let Ω(f) : Ω(X) → Ω(Y ) be the induced map between based
loop spaces and let
H∗ (Ω(f);Fp) : H∗ (Ω(X);Fp)→ H∗ (Ω(Y );Fp)
be the map induced in homology. Following [38] we say that a closed connected manifoldM
is hyperbolic if there exists a finite simply connected CW complex K and a continuous map
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f : K →M such that for some p ∈ P the sequence
rm(M,K, f ;Fp) :=
m∑
k=0
rankHk (Ω(f);Fp)
grows exponentially in m. In particular, rationally hyperbolic manifolds (such as CP2
blown up in at least two points) are hyperbolic, [38]. An example of a hyperbolic manifold
that is not rationally hyperbolic is T 4#CP
2
. By Proposition 1.11 of [19], hyperbolic
manifolds are energy hyperbolic. We refer to [19] and the references therein for a thorough
discussion of these two classes of energy-hyperbolic manifolds and for more examples. ✸
1.2. Fiberwise starshaped hypersurfaces in T ∗M . Let Σ be a smooth connected hy-
persurface in T ∗M . We say that Σ is fiberwise starshaped if for each point q ∈ M the set
Σq := Σ ∩ T ∗qM is the smooth boundary of a domain in T ∗qM which is strictly starshaped
with respect to the origin 0q ∈ T ∗M . This means that the radial vector field
∑
i pi ∂pi is
transverse to each Σq. We assume throughout that dimM ≥ 2. Then T ∗M \ Σ has two
components, the bounded inner part
◦
D(Σ) containing the zero section, and the unbounded
outer part Dc(Σ) = T ∗M \D(Σ), where D(Σ) denotes the closure of ◦D(Σ).
1.3. Dynamics on fiberwise starshaped hypersurfaces. Given a fiberwise starshaped
hypersurface Σ ⊂ T ∗M , choose a smooth function H : T ∗M → R such that H−1(1) = Σ
and such that 1 is a regular value of H . Let
(1) ω =
d∑
i=1
dpi ∧ dqi
be the standard symplectic form on T ∗M . The Hamiltonian vector field XH defined by
(2) ω(XH , ·) = −dH(·)
defines a (local) flow ϕtH on T
∗M , called the Hamiltonian flow of H . It restricts to a flow
ϕtH |Σ on Σ. Our sign convention in (1) and (2) is such that the flow ϕtH of a geodesic
Hamiltonian H = 1
2
|p|2 is the geodesic flow.
The orbits of ϕtH |Σ do not depend on H in the sense that for a different choice G of
the Hamiltonian function, the flow ϕtG|Σ is a time change of the flow ϕtH |Σ, i.e., ϕtG|Σ(x) =
ϕ
σ(t,x)
H |Σ(x) for a smooth positive function σ on R × Σ. For a flow without fixed points,
any time change preserves vanishing of the topological entropy, see [26, p. 113]. Therefore
htop(ϕ
t
H |Σ) > 0 iff htop(ϕtG|Σ) > 0. Similarly, since Σ is compact, given q, q′ ∈ M the
number of ϕtH-orbits from Σq to Σq′ grows exponentially in time iff this is so for the
number of ϕtG-orbits.
1.4. Main result.
Theorem 1. Consider an energy hyperbolic manifold M and a fiberwise starshaped hyper-
surface Σ ⊂ T ∗M . Then htop(ϕtH |Σ) > 0.
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Discussion. 1. The unit cosphere bundle
S1M(g) := {(q, p) ∈ T ∗M | |p| = 1}
associated to a Riemannian metric g on M is an example of a fiberwise starshaped hyper-
surface. In this special case, Theorem 1 has been proved by Dinaburg [9], Gromov [21],
Paternain [35, 36], and Paternain–Petean [38] in their study of geodesic flows. More gen-
erally, the sets Σq are all convex if and only if Σ is the level set of a Finsler metric. In this
case, Theorem 1 also follows from Paternain’s work, [36].
2. The assumption that M is energy hyperbolic obviously cannot be omitted: Geodesic
flows over round spheres or flat tori have vanishing topological entropy. The assumption
that Σ is fiberwise starshaped with respect to the origin cannot be omitted either: There
are exact magnetic flows on compact quotients of Sol whose topological entropy drops to
zero when the energy levels cease to inclose the zero section, see Section 7.
3. Recall that a hypersurface Σ ⊂ T ∗M is said to be of restricted contact type if there
exists a vector field X on T ∗M such that LXω = dιXω = ω and such that X is everywhere
transverse to Σ, pointing outwards. Equivalently, there exists a 1-form α on T ∗M such
that dα = ω and such that α∧ (dα)d−1 is a volume form on Σ orienting Σ as the boundary
of D(Σ). The correspondence is given by α = ιXω. Our assumption that Σ is fiberwise
starshaped translates to the assumption that Σ is of restricted contact type with respect to
the Liouville vector field Y =
∑d
i=1 pi∂pi, or, equivalently, the Liouville form
λ =
d∑
i=1
pidqi.
defines a contact form on Σ.
Question 1.1. Is Theorem 1 true for any hypersurface Σ ⊂ T ∗M of restricted contact
type that encloses the 0-section?
1.5. Reformulation of Theorem 1. We are going to reformulate Theorem 1, which is
formulated in terms of Hamiltonian dynamics, in a more invariant way by means of contact
geometry. Let M be a closed connected manifold. Fix a fiberwise starshaped hypersurface
Σ ⊂ T ∗M . The hyperplane field ξΣ = ker (λ|Σ) ⊂ TΣ is a contact structure on Σ. If Σ′ is
another fiberwise starshaped hypersurface, then the differential of the diffeomorphism
ΨΣΣ′ : Σ→ Σ′, (q, p) 7→
(
q, ψ(q, p)p
)
,
obtained by fiberwise radial projection, maps ξΣ to ξΣ′ (because Ψ
∗
ΣΣ′ (λ|Σ′) = ψλ|Σ), and
is hence a contactomorphism (Σ, ξΣ) → (Σ′, ξΣ′). These contact manifolds can thus be
identified, and are called the spherization (SM, ξ) of the cotangent bundle (T ∗M,ω). 1
1The authors of [10] call it space of oriented contact elements and write P+T
∗M . We have chosen the
above wording since the unit cosphere bundle (S1M(g), kerλ) with respect to a Riemannian metric g is a
representative.
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Fix a representative (Σ, ξΣ). For every positive smooth function f : Σ→ R we still have
ξΣ = ker (f λ|Σ). The Reeb vector field Rf on TΣ is defined as the unique vector field such
that
d(fλ)(Rf , ·) ≡ 0, f λ(Rf) ≡ 1.
Its flow is called the Reeb flow of Rf . For f ≡ 1 the Reeb flow of Rf is a time change
of the flow ϕtH |Σ of any Hamiltonian function H : T ∗M → R with H−1(1) = Σ and such
that 1 is a regular value. For different functions f the Reeb flows on Σ can be completely
different, see e.g. [23].
Given another hypersurface Σ′, let ψ : Σ→ R be the positive function such that
Σ′ =
{(
q, ψ(q, p)p
) | (q, p) ∈ Σ} .
Then dΨΣΣ′(Rλ) = Rψ−1λ, that is, ΨΣΣ′ conjugates the Reeb flows on
(
Σ, λ
)
and
(
Σ′, ψ−1λ
)
.
Summarizing, we have that the set of Reeb flows on (SM, ξ) is in bijection with Hamil-
tonian flows on fiberwise starshaped hypersurfaces in T ∗M , up to time changes. Recall
that for a flow without fixed points, any time change preserves vanishing of the topological
entropy. Theorem 1 is therefore equivalent to
Theorem 1’. The topological entropy of any Reeb flow on the spherization SM of T ∗M
is positive.
1.6. Uniform exponential growth of the number of Reeb chords. Let M , Σ and
H be as in Theorem 1. For q, q′ ∈ M let νT (q, q′, H) be the number of flow lines of ϕtH |Σ
starting from Σq at t = 0 and arriving on Σq′ before time T . From our proof of Theorem 1
we shall immediately obtain
Corollary 1. There exists a constant h > 0 depending only on (M, g), Σ and H such that
for each q ∈M ,
lim inf
n→∞
1
n
log νn(q, q
′, H) ≥ h
for almost every q′ ∈M . Moreover, for every q′ there exists an orbit of ϕtH from Σq to Σq′.
For geodesic flows such lower bounds were obtained by Morse and Gromov [21]. Denote
the fiber of SM over q by SqM . In terms of Reeb flows, Corollary 1 reads
Corollary 1’. Fix a Reeb flow ϕt on (SM, ξ). There exists a constant h > 0 depending
only on (M, g) and ϕt such that for each q ∈M ,
lim inf
n→∞
1
n
log νn(q, q
′, ϕt) ≥ h
for almost every q′ ∈ M . Moreover, for every q′ there exists a Reeb chord from SqM
to Sq′M .
Note that SqM and Sq′M are Legendrian submanifolds of
(
SM, ξ
)
. Corollary 1’ is thus
a special case of the Arnold chord conjecture, with multiplicities.
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Let (M, g) be a closed Riemannian manifold, endowed with its Riemannian measure µg,
and let ϕg be the geodesic flow on S1M(g). It has been shown by Man˜e´ [31] and Paternain–
Paternain [37] that
(3) htop(ϕg) = lim
T→∞
1
T
log
∫
M×M
νT (q, q
′)dµg(q)dµg(q
′).
Question 1.2. Is the identity (3) true for all Reeb flows on SM?
For a partial answer in the positive in the case of certain exact magnetic flows see [34].
In dimension 2, Theorem 1 yields the existence of many closed orbits. Indeed, according
to [24] and [25, Theorem 4.1], a smooth flow on a closed 3-manifold with positive topological
entropy has exponential growth of closed orbits.
Corollary 2. Let M be a closed surface different from S2, RP2, the torus and the Klein
bottle. Then ϕtH carries a horseshoe. In particular, the number of geometrically distinct
closed orbits grows exponentially in time.
This is a special case of the Weinstein conjecture, with multiplicities. In terms of Reeb
flows, Corollary 2 means that for such surfaces M , for any Reeb flow on SM the number of
geometrically distinct closed Reeb chords grows exponentially in time. For a generalization
of this result to generic Reeb flows on spherizations over higher dimensional closed mani-
folds M we refer to [22]. For a result on exponential growth rate of the number of closed
orbits for certain Reeb flows on a large class of closed contact 3-manifolds, see [8].
Remark 1.3. In this paper we have exploited the exponential growth of the homology of
the based loop space to obtain lower bounds for the entropy and the number of Reeb chords.
For base manifolds M whose based loop space grows only polynomially, the same method
yields lower bounds for the slow entropy, and polynomial lower bounds for the number of
Reeb chords, see [44]. In particular, for any two points q, q′ in a closed manifold M and
any Reeb flow on SM there exists a Reeb chord from Σq to Σq′ . ✸
The paper is organized as follows. In the next section we give the idea of the proof.
In Section 3 we define the relevant Hamiltonians and compute their action spectra. In
Section 4 we recall Lagrangian Floer homology and compute it for our two Lagrangians in
question. In Sections 5 and 6 we derive Theorem 1 and Corollary 1. Finally, in Section 7
we discuss the exact magnetic flows mentioned in Discussion 1.2.
Acknowledgments. We cordially thank Albert Fathi, Emmanuel Giroux, Evgenij Gutkin,
Anatole Katok, Gabriel Paternain, Leonid Polterovich and Otto van Koert for valuable dis-
cussions. Special thanks to Gabriel Paternain for explaining to us the example in Section 7.
Most of this paper was written during the second author’s visit at IMPA in February and
August 2005 and in January 2008, and the first author’s visit at ULB in September 2007.
We thank both institutions for their warm hospitality.
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2. Idea of the proof
Let M be an energy-hyperbolic manifold, and let Σ ⊂ T ∗M be a fiberwise starshaped
hypersurface. Recall that D(Σ) denotes the closure of the bounded part of T ∗M \ Σ. For
q ∈ M let
Dq(Σ) = D(Σ) ∩ T ∗qM
be the closed starshaped disc over q with boundary Σq = Σ ∩ T ∗qM . Choose a smooth
Hamiltonian function K : T ∗M → R that is fiberwise homogenous of degree 2, up to a
smoothening near the zero section M . Recall that it suffices to show that htop(ϕK |Σ) > 0.
Since K is fiberwise homogenous of degree 2, its Hamiltonian flows on the levels sΣ agree
up to constant time changes. Therefore, htop(ϕK |Σ) > 0 is equivalent to htop(ϕK |D(Σ)) > 0.
By a theorem of Yomdin, the latter inequality will follow if we can find a point q ∈M such
that the volume of the discs ϕnK
(
Dq(Σ)
)
grows exponentially with n.
We shall, in fact, establish this for each point q ∈M , by taking up an idea from [18]: Fix
q ∈ M . By sandwiching the set Σ between two sphere bundles (which are the levels of a
geodesic Hamiltonian), and by using the Lagrangian Floer homology of two fibers in T ∗M
and its isomorphism to the homology of the based loop space ofM (whose dimensions grow
exponentially by assumption), we shall show that for almost every other point q′ ∈M the
number of intersections
ϕnK
(
Dq(Σ)
) ∩Dq′(Σ)
grows exponentially with m. This means that the discs ϕnK
(
Dq(Σ)
)
“wrap” exponentially
often in n around the base M , and hence their volume grows exponentially.
Remark 2.1. Our proof of Theorem 1 can be considerably shortened by using symplectic
homology with its wrapped version for Lagrangian boundary conditions and a remark of
Seidel in [42, Section 4a], see [29]. Furthermore, it is conceivable that Theorem 1 (or at least
Corollary 1) can also be obtained by using Contact homology, for spherizations, relative
to two Legendrian submanifolds Σq and Σq′ , or by a relative version of Rabinowitz–Floer
homology, and by establishing an isomorphism between either of these homologies with
the homology of the based loop space. This would have the advantage of working directly
at the level Σ, instead of the sublevel set D(Σ). These homologies are, however, not yet
fully established. We thus preferred to work with Lagrangian Floer homology and to pass
through the sublevel set D(Σ).
3. Relevant Hamiltonians and their action spectra
3.1. The path space Ω1 (T ∗M, q0, q1). For q0, q1 ∈M let Ω1 (T ∗M, q0, q1) be the space of
all paths x : [0, 1]→ T ∗M of Sobolev class W 1,2 such that x(0) ∈ T ∗q0M and x(1) ∈ T ∗q1M .
This space has a canonical Hilbert manifold structure, [28]. Consider a proper Hamiltonian
function H : T ∗M → R; then its Hamiltonian flow ϕtH exists for all times. The action
functional of classical mechanics AH : Ω1 (T ∗M, q0, q1) → R associated with H is defined
as
(4) AH(x) =
∫ 1
0
(
λ (x˙(t))−H(x(t)))dt,
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where λ =
∑d
j=1 pj dqj is the canonical 1-form on T
∗M . This functional is C∞-smooth,
and its critical points are precisely the elements of the space P (H, q0, q1) of C∞-smooth
paths x : [0, 1]→ T ∗M solving
x˙(t) = XH
(
x(t)
)
, t ∈ [0, 1], x(j) ∈ T ∗qjM, j = 0, 1.
Notice that the elements of P (H, q0, q1) correspond to the intersection points of ϕH
(
T ∗q0M
)
and T ∗q1M via the evaluation map x 7→ x(1).
3.2. The Hamiltonians G− ≤ K ≤ G+. Since Σ is fiberwise starshaped, we can define
a function F : T ∗M → R by the two requirements
F |Σ ≡ 1, F (q, sp) = s2F (q, p) for all s ≥ 0 and (q, p) ∈ T ∗M.
This function is fiberwise homogenous of degree 2, of class C1, and smooth off the zero-
section. To smoothen F , choose ε ∈ (0, 1
4
). We shall appropriately fix ε later on. Choose
a smooth function f : R→ R such that
(5)


f(r) = 0 if r ≤ ε2,
f(r) = r if r ≥ ε,
f ′(r) > 0 if r > ε2,
0 ≤ f ′(r) ≤ 2 for all r,
see Figure 1.
PSfrag replacements
εε2
r
f(r)
Figure 1. The “cut off” function f .
Then f ◦F is smooth. The Lagrangian Floer homology of f ◦F (with respect to two fibers
of T ∗M) is, in general, not defined, since the moduli spaces of Floer trajectories may not
be compact. We shall therefore alter f ◦F near infinity to a Riemannian Hamiltonian. We
denote canonical coordinates on T ∗M by (q, p). Fix a Riemannian metric g on M , and let
| · | be the norm on the fibers of T ∗M induced by g. Define G(q, p) = 1
2
|p|2. Recall that M
is compact and that Σ is fiberwise starshaped. After multiplying g by a positive constant,
we can assume that G ≤ F . Choose σ > 0 such that σG ≥ F .
For r > 0 we abbreviate
D(r) = {(q, p) ∈ T ∗M | |p| ≤ r} .
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Note that D(2) = {G ≤ 2}. Choose a smooth function τ : R→ R such that
τ(r) = 0 if r ≤ 2,
τ(r) = 1 if r ≥ 4,
τ ′(r) ≥ 0 for all r ∈ R.
Define
G+ = σG(6)
K(q, p) =
(
1− τ(|p|))(f ◦ F )(q, p) + τ(|p|)G+(q, p),(7)
G−(q, p) =
(
1− τ(|p|))(f ◦G)(q, p) + τ(|p|)G+(q, p),(8)
Then
(9) G− ≤ K ≤ G+
and
(10) K = f ◦ F and G− = f ◦G on D(2).
Since D(Σ) = {F ≤ 1} ⊂ {F ≤ 2} ⊂ {G− ≤ 2}, we in particular have
(11) K = f ◦ F on D(Σ).
Moreover,
(12) G− = K = G+ outside D(4).
PSfrag replacements
G = 1
2
|p|2
G
G−
G+
K
2 8
Figure 2. The functions G− ≤ K ≤ G+, schematically.
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3.3. Action spectra of nG−, nK, nG+. We next investigate the action spectra of the
functions nG−, nK, nG+ for n ∈ N. The action spectrum S(H, q0, q1) of a proper Hamil-
tonian H : T ∗M → R is the set of critical values of AH : Ω1(T ∗M, q0, q1)→ R,
S(H, q0, q1) := {AH(x) | x ∈ P(H, q0, q1)} .
We first look at the action spectra of Hamiltonians homogenous of degree 2.
Lemma 3.1. Let H : T ∗M → R be fiberwise homogenous of degree 2, let h : R → R be a
smooth function, and let c > 0.
(i) For γ ∈ P(h ◦H, q0, q1) we have
Ah◦H(γ) = 2h′
(
H(γ)
)
H(γ)− h(H(γ)).
(ii) S(cH, q0, q1) = 1cS(H, q0, q1).
Proof. (i) Let Y =
∑
i pi∂pi. For each t ∈ [0, 1] we have γ˙(t) = Xh◦H (γ(t)), and hence
λ (γ˙(t)) = ω
(
Y,Xh◦H(γ(t))
)
= d(h ◦H) (γ(t)) (Y ) = h′(H(γ(t)))dH(γ(t))(Y ).
Since H is fiberwise homogenous of degree 2, Euler’s identity yields
dH(γ(t))(Y ) = 2H(γ(t))
whence
λ(γ˙(t)) = 2h′(H(γ(t))H(γ(t)).
Therefore,
Ah◦H(γ) =
∫ 1
0
(
λ(γ˙(t))− h(H(γ(t))))dt = 2h′(H(γ))H(γ)− h(H(γ)),
as claimed.
(ii) By definition (2) we have XcH(q, p) = cXH(q, p), and since H is homogenous of
degree 2, we have XH(q,
1
c
p) = 1
c
XH(q, p) (where in the latter equality we have canonically
identified T(q, 1
c
p)T
∗M = T(q,p)T
∗M)). Therefore,
XcH(q,
1
c
p) = cXH(q,
1
c
p) = XH(q, p).
To γ(t) = (q(t), p(t)) in P(H, q0, q1) therefore corresponds γc(t) =
(
q(t), 1
c
p(t)
)
in P(cH, q0, q1).
Assertion (i) now yields
AcH(γc) = cH(γc) = cH(q(0), 1cp(0)) = 1cH(q(0), p(0)) = 1cAH(γ),
and so S(cH, q0, q1) = 1cS(H, q0, q1). ✷
We next look at the action spectrum of nK.
Proposition 3.2. Let γ ∈ P(nK, q0, q1). If γ ⊂
◦
D(Σ), then AnK(γ) < n. If γ ⊂ Dc(Σ),
then AnK(γ) > n.
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Proof. Assume first that γ ⊂ ◦D(Σ). Then F (γ) < 1 and γ ∈ P(n(f ◦ F ), q0, q1) by (11).
Hence Lemma 3.1 (i) and our choice of f yield
AnK(γ) = An(f◦F )(γ) = 2nf ′(F (γ))F (γ)− nf(F (γ)) < n.
Assume now that γ ⊂ Dc(Σ). Then F (γ) > 1 and n(f ◦ F )(γ) = nF (γ). Let again
Y =
∑
i pi ∂pi. For t ∈ [0, 1] we compute at γ(t) = (q, p), using (7),
d(nK)(γ(t))(Y ) = −τ ′(|p|)nF (q, p)|p|+ (1− τ(|p|)) d(nF )(q, p)(Y )
+τ ′(|p|)nG+(q, p)|p|+ τ(|p|) d(nG+)(q, p)(Y ).
Since τ ′(|p|) ≥ 0 and nG+(q, p) ≥ nF (q, p), the sum of the first and third summand is ≥ 0.
Together with Euler’s identity applied to the functions nF and nG+ fiberwise homogenous
of degree 2 we obtain
d(nK)(γ(t))(Y )− nK(γ(t)) ≥ (1− τ(|p|))(d(nF )(γ(t))(Y )− nF (γ(t)))
+ τ(|p|)(d(nG+)(γ(t))(Y )− nG+(γ(t)))
= (1− τ(|p|))nF (γ(t)) + τ(|p|)nG+(γ(t))
≥ nF (γ(t))
> n.
Hence AnK(γ) =
∫ 1
0
(
d(nK)(γ(t))(Y )− nK(γ(t)))dt > n, as claimed. ✷
3.3.1. The Non-crossing lemma. For n ∈ N consider the space of Hamiltonian functions
H4(nG+) = {H : T ∗M → R | H = nG+ on T ∗M \D(4)} .
Note that nG−, nK, nG+ belong to H4(nG+). For a ∈ R define
Ha4(nG+) = {H ∈ H4(nG+) | a /∈ S(H, q0, q1)} .
Fix a smooth function β : R→ [0, 1] such that
(13) β(s) = 0 for s ≤ 0, β(s) = 1 for s ≥ 1, β ′(s) ≥ 0 for all s ∈ R.
For s ∈ [0, 1] define the functions
(14) Gs =
(
1− β(s))G− + β(s)G+.
Then nGs ∈ H4(nG+) for each n ∈ N and s ∈ [0, 1].
Recall that σ ≥ 1. Choose a ∈ (n, n + 1) and define the function a(s) : [0, 1]→ R by
(15) a(s) =
a
1 + β(s)(σ − 1) .
Note that a(s) is monotone decreasing with minimum a(1) = a/σ. We assume from now
on that ε ∈ (0, 1
4
) entering the definition of the smoothing function f also meets
(16) ε2 <
1
2σ
.
Lemma 3.3. If a /∈ S(nG, q0, q1), then a(s) /∈ S(nGs, q0, q1) for s ∈ [0, 1].
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Proof. Take γ ∈ P(nGs, q0, q1). In view of (8) and (14), the orbit γ lies on a level set of G.
Assume first that γ ∈ P(nGs) lies outside D(2). Then f ◦G(γ) = G(γ), so that
nGs = n
(
1− β(s))((1− τ(|p|))G+ τ(|p|)G+)+ nβ(s)G+.
Computing as in the proof of Proposition 3.2 (with F replaced by G) we find
d(nGs)(γ(t))(Y )− nGs(γ(t)) ≥ n
(
1− β(s))((1− τ(|p|))G(γ(t)) + τ(|p|)G+(γ(t)))
+ nβ(s)G+(γ(t))
≥ n(1− β(s))(G(γ(t)))+ nβ(s)G(γ(t))
= nG(γ(t))
≥ 2n.
Hence AnGs(γ) ≥ 2n ≥ n + 1 > a ≥ a(s).
Assume next that γ lies in D(ε). Then τ(|p(γ(t))|) = 0 for all t ∈ [0, 1]. Hence G−(γ) =
f ◦G(γ) and
Gs(γ) =
(
1− β(s))(f ◦G)(γ) + β(s)σG(γ).
Applying Lemma 3.1 (i) with h =
(
1− β(s))f + β(s)σ we therefore find
AnGs(γ) = 2n
((
1− β(s))f ′(G(γ)))G(γ)− nGs(γ)
Together with f ′ ≤ 2 and (16) we obtain
AnGs(γ) ≤ 4nG(γ) ≤ 2nε2 <
n
σ
≤ a(1) ≤ a(s).
Assume finally that γ lies in D(2) \ D(ε). Then τ(|p(γ)|) = 0 and f ◦ G(γ) = G(γ).
Hence G−(γ) = G(γ) and
nGs(γ) = n
((
1− β(s))G + β(s)σG−)(γ)
=
(
1 + β(s)(σ − 1))nG(γ).
If AnGs(γ) = a(s), then a = a(0) ∈ S(nG, q0, q1) in view of Lemma 3.1 (ii) and the defini-
tion (15) of a(s), contradicting our hypothesis. ✷
3.4. Almost all fibers are good. Fix now q0 ∈M . For q ∈M define
Dq(4) =
{
p ∈ T ∗qM | |p| ≤ 4
}
= D(4) ∩ T ∗qM.
Fix n ∈ N. Given H ∈ H4(nG+) let U(q0, H) be the set of those q1 ∈ M for which
ϕH(Dq0(4)) andDq1(4) intersect transversely. Let µg be the Riemannian measure on (M, g).
We say that a set U ⊂ M has full measure if µg(U) = µg(M). Note that this property
does not depend on the Riemannian metric g.
Lemma 3.4. The set U(q0, H) is open and of full measure in M .
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Proof. Since Dq0(4) is compact, U(q0, H) is open. Applying Sard’s Theorem to the pro-
jection ϕH(Dq0(4))→M one sees that U(q0, H) has full measure in M . ✷
Note that for each n ∈ N we have ϕnH = ϕnH . Let G−, K, G+ be the Hamiltonians
defined in (8), (7), (6). Define
Vn(q0) := U(q0, nG−) ∩ U(q0, nK) ∩ U(q0, nG+).
For q1 ∈ Vn(q0) all the sets ϕnG−
(
Dq0(4)
)
, ϕnK
(
Dq0(4)
)
, ϕnG+
(
Dq0(4)
)
intersect Dq1(4) trans-
versely. Moreover,
Corollary 3.5. The sets Vn(q0) have full measure in M .
4. Lagrangian Floer homology
Floer homology for Lagrangian intersections was invented by Floer in a series of seminal
papers, [11, 12, 13, 14]. We shall use a version of Lagrangian Floer homology described
in [27, 18, 19].
4.1. Definition of HFa∗(H, q0, q1;Fp).
4.1.1. The chain groups. Let H ∈ H4(nG+), let q0 ∈ M , and fix q1 ∈ U(q0, H). For
a < n + 1 define
Pa(H, q0, q1) := {x ∈ P(H, q0, q1) | AH(x) < a} .
For γ ∈ P(H, q0, q1) outside D(4) we have, by Lemma 3.1 (i),
AH(γ) = nG+(γ) = nσG(γ) ≥ 2n ≥ n + 1
whence
(17) Pa(H, q0, q1) ⊂ D(4).
Since q1 ∈ U(q0, H) we conclude that Pa(H, q0, q1) is a finite set. The fibers of T ∗M form
a Lagrangian foliation. For each path x ∈ P(H, q0, q1) the Maslov index µ(x) is therefore
a well-defined integer. In case of a Riemannian Hamiltonian, µ(x) agrees with the Morse
index of the corresponding geodesic path, see [2, Section 1.2]. Define the kth Floer chain
group CFak (H, q0, q1;Fp) as the finite-dimensional Fp-vector space freely generated by the
elements of Pa (H, q0, q1) of Maslov index k, and define the full Floer chain group as
CFa∗ (H, q0, q1;Fp) =
⊕
k∈Z
CFak (H, q0, q1;Fp) .
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4.1.2. Almost complex structures. Recall that an almost complex structure J on T ∗M is
ω-compatible if
〈·, ·〉 ≡ gJ(·, ·) := ω(·, J ·)
defines a Riemannian metric on T ∗M . Denote by ξ = ker
(
ιY ω|∂D(4)
)
the contact structure
on ∂D(4) defined by Y and ω, and for t ≥ 0 let ψt be the semi-flow of the Liouville vector
field Y =
∑
pj ∂pj on T
∗M \ ◦D(4). An ω-compatible almost complex structure J on T ∗M
is convex on T ∗M \ ◦D(4) if
Jξ = ξ, ω
(
Y (x), J(x)Y (x)
)
= 1, Dψt(x)J(x) = J(ψt(x))Dψt(x)
for all x ∈ ∂D(4) and t ≥ 0. Following [7, 43, 4] we consider the set J of t-dependent
smooth families J = {Jt}, t ∈ [0, 1], of ω-compatible almost complex structures on T ∗M
such that Jt is convex and independent of t on T
∗M \ ◦D(4). The set J is non-empty and
connected.
4.1.3. The boundary operators. For J ∈ J , for smooth maps u from the strip S = R× [0, 1]
to T ∗M , and for x± ∈ Pa (H, q0, q1) consider the partial differential equation with boundary
conditions 

∂su− Jt(u) (∂tu−XH(u)) = 0,
u(s, j) ∈ T ∗qjM, j = 0, 1,
lim
s→±∞
u(s, t) = x±(t) uniformly in t.
(18)
The Cauchy-Riemann equation in (18) is called Floer’s equation.
Lemma 4.1. Solutions of equation (18) are contained in D(4).
Sketch of proof. By (17) we have x± ⊂ D(4), whence
(19) lim
s→±∞
u(s, t) = x±(t) ⊂ D(4).
In view of the strong maximum principle, the lemma follows from the convexity of J
outside D(4) and from (19) together with the fact that H = nG+ outside D(4) implies
ω (Y, JXH) = 0, cf. [27, 18]. ✷
We denote the set of solutions of (18) byM (x−, x+, H ;J). Note that the group R freely
acts onM (x−, x+, H ;J) by time-shift. Lemma 4.1 is an important ingredient to establish
the compactness of the quotients M (x−, x+, H ;J) /R. The other ingredient is that there
is no bubbling-off of J-holomorphic spheres or discs. Indeed, [ω] vanishes on π2 (T
∗M)
because ω = dλ is exact, and [ω] vanishes on π2
(
T ∗M,T ∗qjM
)
because λ vanishes on T ∗qjM ,
j = 0, 1. See for instance [12] or [39] for more details.
There exists a residual subset Jreg(H) of J such that for each J ∈ Jreg(H) the linearized
operator for Floer’s equation is surjective for each solution of (18). For such a regular J
the moduli space M (x−, x+, H ;J) is a smooth manifold of dimension µ(x−) − µ(x+) for
all x± ∈ Pa (H, q0, q1), see [17]. Fix J ∈ Jreg(H). It is shown in [2, Section 1.4] that the
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manifolds M (x−, x+, H ;J) can be oriented in a way which is coherent with gluing. For
x± ∈ Pa (H, q0, q1) with µ(x−) = µ(x+) + 1 let
n(x−, x+, H ;J) = #M(x−, x+, H ;J)/R ∈ Z
be the oriented count of the finite set M(x−, x+, H ;J)/R. If u ∈ M (x−, x+, H ;J), then
AH(x−) ≥ AH(x+), see the more general Lemma 4.2 below. For k ∈ Z one can therefore
define the Floer boundary operator
∂k (J) : CF
a
k (H, q0, q1;Fp) → CFak−1 (H, q0, q1;Fp)
as the linear extension of
∂k(J) x
− =
∑
n(x−, x+, H ;J) x+
where x− ∈ Pa(H, q0, q1) has index µ(x−) = k and the sum runs over all x+ ∈ Pa(H, q0, q1)
of index µ(x+) = k − 1. Then ∂k−1 (J) ◦ ∂k (J) = 0 for each k. The proof makes use of the
compactness of the 0- and 1-dimensional components ofM (x−, x+, H ;J) /R, see [11, 41, 2].
As our notation suggests, the Floer homology groups
HFak (H, q0, q1;Fp) := ker ∂k(J)/ im ∂k+1(J)
do not depend on the choices involved in their construction: They neither depend on
coherent orientations up to canonical isomorphisms, [2, Section 1.7], nor do they depend
on J ∈ Jreg(H) up to natural isomorphisms, as a continuation argument shows, [11, 41].
The groups HFak(H, q0, q1;Fp) do depend, however, on a < n + 1 and H ∈ H4(nG+). In
the sequel, the points q0, q1 ∈M and the field Fp are fixed throughout. We shall therefore
often write CFa∗(H) and HF
a
∗(H) instead of CF
a
∗(H, q0, q1;Fp) and HF
a
∗(H, q0, q1;Fp).
4.2. Continuation homomorphisms. The goal of this section is to relate the groups
HFa∗(nG−), HF
a
∗(nK), HF
a
∗(nG+).
Let β : R → [0, 1] be the function from (13). Given two functions H−, H+ ∈ H4(nG+)
with H−(x) ≤ H+(x) for all x ∈ T ∗M we form the monotone homotopy
(20) Hs(x) = H
−(x) + β(s)
(
H+(x)−H−(x)).
Then Hs ∈ H4(nG+) for each s, and Hs = H− for s ≤ 0 and Hs = H+ for s ≥ 1. Consider
the equation with boundary conditions

∂su− Js,t(u) (∂tu−XHs(u)) = 0,
u(s, j) ∈ T ∗qjM, j = 0, 1,
lim
s→±∞
u(s, t) = x±(t) uniformly in t.
(21)
where s 7→ {Js,t}, s ∈ R, t ∈ [0, 1], is a regular homotopy of families {Jt} of almost complex
structures on T ∗M . This means that
• Js,t is ω-compatible and convex and independent of s and t outside D(4);
• Js,t = J−t ∈ Jreg(H−) for s ≤ 0;
• Js,t = J+t ∈ Jreg(H+) for s ≥ 1;
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• the solutions of (21) are transverse (that is, the associated Fredholm operators are
surjective) and therefore form finite dimensional moduli spaces.
The following lemma is well-known. We reprove it in view of the many different sign
conventions (for the Hamilton equation, the action functional, the Floer equation, etc.)
used by different authors.
Lemma 4.2. Assume that u : S = R× [0, 1]→ T ∗M is a solution of (21). Then
AH+(x+) ≤ AH−(x−)−
∫ 1
0
∫ ∞
−∞
β ′(s) (H1 −H0) (u(s, t)) ds dt.
Proof. Note that λ = p dq vanishes along the Lagrangian boundary conditions u(s, j) ∈
T ∗qjM in (21). Since ω = dλ is exact, we obtain, using Stokes Theorem and taking into
account orientations,
∫
S
u∗ω =
∫
u(∂S)
λ =
∫
x+
λ−
∫
x−
λ.
Moreover, by (20),
d
ds
Hs(u(s, t)) = dHs(u(s, t))(∂su) + β
′(s)(H1 −H0)(u(s, t)).
This and the asymptotic boundary condition in (21) yield
∫ 1
0
∫ ∞
−∞
dHs(u(s, t))(∂su) ds dt =
∫ 1
0
H+(x+) dt−
∫ 1
0
H−(x−) dt
−
∫ 1
0
∫ ∞
−∞
β ′(s)(H1 −H0)(u(s, t)) ds dt.
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Together with the compatibility gs,t(v, w) = ω(v, Js,tw), Floer’s equation in (21), Hamil-
ton’s equation (2) and the definition (4) of the action functional we obtain
0 ≤
∫ 1
0
∫ ∞
−∞
gs,t(∂su, ∂su) ds dt
=
∫ 1
0
∫ ∞
−∞
gs,t
(
∂su, Js,t(u) (∂tu−XHs(u))
)
ds dt
= −
∫
S
u∗ω −
∫ 1
0
∫ ∞
−∞
ω (XHs(u), ∂su) ds dt
=
∫
x−
λ−
∫
x+
λ +
∫ 1
0
∫ ∞
−∞
dHs(u)(∂su) ds dt
=
∫
x−
λ−
∫
x+
λ +
∫ 1
0
H+(x+) dt−
∫ 1
0
H−(x−) dt
−
∫ 1
0
∫ ∞
−∞
β ′(s)(H1 −H0)(u(s, t)) ds dt
= AH−(x−)−AH+(x+)−
∫ 1
0
∫ ∞
−∞
β ′(s)(H1 −H0)(u(s, t)) ds dt,
as claimed. ✷
In view of Lemma 4.2 the action decreases along solutions u of (21). By counting these
solutions one can therefore define the Floer chain map
φH+H− : CF
a
∗(H
−)→ CFa∗(H+),
see [15, 40, 16, 7]. The induced continuation homomorphism
ΦH+H− : HF
a
∗(H
−)→ HFa∗(H+)
on Floer homology does not depend on the choice of the regular homotopy {Js,t} used in
its definition. An important property of these homomorphisms is naturality with respect
to concatenation,
(22) ΦH3H2 ◦ ΦH2H1 = ΦH3H1 for H1 ≤ H2 ≤ H3.
Another important fact is the following invariance property, which is proved in [16, 7] and
[4, Section 4.5].
Lemma 4.3. If a /∈ S(Hs, q0, q1) for all s ∈ [0, 1], then ΦH+H− : HFa∗(H−)→ HFa∗(H+) is
an isomorphism.
After these recollections we return to our Hamiltonians nG− ≤ nK ≤ nG+. Fix q1 ∈
Vn(q0). By (17), the set
S(n) := (S(nG−, q0, q1) ∪ S(nK, q0, q1)) ∩ (n, n+ 1)
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is finite. In particular,
δn := min {s ∈ S(nK, q0, q1) | s > n} > 0.
Choose
(23) an ∈
(
(n, n+ 1) ∩ (n, n+ δn)
) \ S(n).
Then an is not in the action spectrum of nG−, nK, and by Proposition 3.2,
(24) x ∈ P(nK, q0, q1) ∩D(Σ) ⇐⇒ AnK(x) < an.
Our next goal is to show that HFan∗ (nG−) and HF
an/σ
∗ (nG+) are naturally isomorphic.
This is a special case of a generalization of Lemma 4.3 stated as Proposition 1.1 in [43].
We give an ad hoc construction in the case at hand.
Choose bn ∈ (an, n+ 1) such that
(25) [an, bn] ∩ S(nG−) = ∅,
and for s ∈ [0, 1] define
an(s) =
an
1 + β(s)(σ − 1) , bn(s) =
bn
1 + β(s)(σ − 1) .
For (s, t) in the gray band bounded by the graphs of an(s) and bn(s) we have t /∈ S(nGs) in
view of the Non-crossing Lemma 3.3. Choose a partition 0 = s0 < s1 < · · · < sk < sk+1 = 1
so fine that
(26) bn(sj+1) > an(sj), j = 0, . . . , k.
Abbreviate aj = an(sj) and Gj = nGsj . Then
(27) aj /∈ S(nGs) for s ∈ [sj, sj+1],
cf. Figure 3.
PSfrag replacements
s
t
an
bn
a1
an
σ
s0 = 0 s1 sk sk+1 = 1
Figure 3. The curves an(s) and bn(s).
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Together with Lemma 4.3 we find that
ΦGj+1Gj : HF
aj
∗ (Gj)→ HFaj∗ (Gj+1)
is an isomorphism. Since [aj+1, aj] ∩ S(Gj+1) = ∅, we have HFaj∗ (Gj+1) = HFaj+1∗ (Gj+1),
and so
Φ̂Gj+1Gj ≡ ΦGj+1Gj : HFaj∗ (Gj)→ HFaj+1∗ (Gj+1)
is an isomorphism. Recalling a0 = an and ak+1 = an/σ we obtain that the composition
Φ̂nG+nG− := Φ̂Gk+1Gk ◦ · · · ◦ Φ̂G2G1 ◦ Φ̂G1G0 : HFan∗ (nG−)→ HFan/σ∗ (nG+)
is an isomorphism. Let
HF∗(ι) : HF
an/σ
∗ (nG+)→ HFan∗ (nG+)
be the homomorphism induced by the inclusion CFan/σ∗ (nG+)→ CFan∗ (nG+).
Proposition 4.4. For each k and n there is a commutative diagram of homomorphisms
HF
an/σ
k (nG+)
HFk(ι)
''PP
PP
PP
PP
PP
PP
HFank (nG−)
Φ̂nG+nG−
77nnnnnnnnnnnn ΦnG+nG−
//
ΦnKnG− ((PP
PP
PP
PP
PP
PP
HFank (nG+)
HFank (nK)
ΦnG+nK
66nnnnnnnnnnnn
and Φ̂nG+nG− is an isomorphism.
Proof. By construction, the isomorphism Φ̂nG+nG− is induced by the composition of Floer
chain maps
φ̂Gj+1Gj : CF
aj
∗ (Gj)→ CFaj+1∗ (Gj+1) ⊂ CFaj∗ (Gj+1).
Therefore, HF∗(ι) ◦ Φ̂nG+nG− is induced by the composition of Floer chain maps
φGj+1Gj : CF
a0
∗ (Gj)→ CFa0∗ (Gj+1).
By (22), this composition induces the same map in Floer homology as
φnG+nG− : CF
a0
∗ (nG−)→ CFa0∗ (nG+).
The upper triangle therefore commutes. The lower triangle commutes in view of nG− ≤
nK ≤ nG+ and according to (22). ✷
Corollary 4.5. dimHFank (nK, q0, q1;Fp) ≥ rankHFk(ι) : HFan/σk (nG+)→ HFank (nG+).
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4.3. From Floer homology to the homology of the based loop space. In this
section we use Corollary 4.5 and our assumption that M is energy hyperbolic to prove
Theorem 4.6. Let (M, g) and K be as above. Then there exist h > 0, p ∈ P and N ∈ N
depending only on (M, g) such that for all n ≥ N and for an as above the following holds.
For all q0 ∈M and all q1 ∈ Vn(q0),
dimHFan∗ (nK, q0, q1;Fp) ≥ ehn.
Proof. For q0, q1 ∈ M let Ω1 (M, q0, q1) be the space of all paths q : [0, 1]→ M of Sobolev
class W 1,2 such that q(0) = q0 and q(1) = q1. Again, this space has a canonical Hilbert
manifold structure. The energy functional E : Ω1 (M, q0, q1)→ R is defined as
E(q) = 1
2
∫ 1
0
|q˙(t)|2 dt.
For b > 0 we consider the sublevel sets E b(q0, q1) := {q ∈ Ω1(M, q0, q1) | E(q) ≤ b}.
Proposition 4.7. For each k and n there is a commutative diagram of homomorphisms
HF
an/σ
k (nG+, q0, q1;Fp)
HFk(ι)

∼=
// Hk(Enan(q0, q1);Fp)
Hk(ι)

HFank (nG+, q0, q1;Fp)
∼=
// Hk(Eσnan(q0, q1);Fp)
where the horizontal maps are isomorphisms and the right map Hk(ι) is induced by the
inclusion Enan(q0, q1) →֒ Eσnan(q0, q1).
Proof. Let L : TM → R be the Legendre transform of nG+, let
EL(q) =
∫ 1
0
L
(
q(t), q˙(t)
)
dt
be the corresponding action functional on Ω1(M, q0, q1), and let
E bL(q0, q1) =
{
q ∈ Ω1(M, q0, q1) | EL(q) ≤ b
}
.
Applying the Abbondandolo–Schwarz Theorem 3.1 of [2] to nG+ and L, we obtain for each
b > 0 an isomorphism
HFbk (nG+, q0, q1;Fp) HM
b
k(L, q0, q1;Fp)
Θb
k
oo .
Here, HMbk(L, q0, q1;Fp) is the Morse homology “below level b” of EL constructed in [1],
see also [2, Section 2]. The Abbondandolo–Schwarz chain isomorphisms
CFbk (nG+, q0, q1;Fp) CM
b
k(L, q0, q1;Fp)
θb
k
oo
between the Morse and the Floer chain complexes commute with inclusions
CFbk(nG+, q0, q1;Fp) →֒ CFb
′
k (nG+, q0, q1;Fp) and CM
b
k(L, q0, q1;Fp) →֒ CMb
′
k (L, q0, q1;Fp)
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for b < b′, see [2, p. 298]. Therefore, the induced diagram of homology groups commutes,
HFbk(nG+, q0, q1;Fp)
HFk(ι)

HMbk(L, q0, q1;Fp)
HMk(ι)

Θb
k
oo
HFb
′
k (nG+, q0, q1;Fp) HM
b′
k (L, q0, q1;Fp)
Θb
′
k
oo
Moreover, Abbondandolo and Majer constructed chain isomorphisms
CMbk (L, q0, q1;Fp)
τb
k
// Ck(E bL(q0, q1);Fp)
between the singular chain complexes and the Morse chain complexes, which commute
with inclusions
CMbk(L, q0, q1;Fp) →֒ CMb
′
k (L, q0, q1;Fp) and Ck(E bL(q0, q1);Fp) →֒ Ck(E b
′
L (q0, q1);Fp)
for b < b′, see [1] and [2, Section 2.3]. Therefore, the induced diagram of homology groups
commutes,
HMbk(L, q0, q1;Fp)
T b
k
//
HMk(ι)

Hk(E bL(q0, q1);Fp)
Hk(ι)

HMb
′
k (L, q0, q1;Fp)
T b
′
k
// Hk(E b′L (q0, q1);Fp)
Notice now that L(q, v) = 1
nσ
1
2
|v|2, whence E bL(q0, q1) = Enσb(q0, q1) for all b > 0. The
proposition follows. ✷
Consider now the commutative diagram
Hk
(Enan(q0, q1);Fp)

ιk
**UU
UU
UU
UU
UU
UU
UU
UU
Hk
(Eσnan(q0, q1);Fp) // Hk(Ω1(M, q0, q1);Fp)
induced by the inclusions Enan(q0, q1) ⊂ Eσnan(q0, q1) ⊂ Ω1(M, q0, q1).
Lemma 4.8. For each c ∈ (0, 1) there exists A > 0 depending only on c and (M, g) such
that
dim ιk Hk (Ea(q0, q1);Fp) ≥ dim ιk Hk (E ca(q0);Fp)
for all k and all a ≥ A.
Proof. Let ρ be the diameter of (M, g). Choose a path p : [0, 1]→M from q0 to q1 of length
≤ ρ. Parametrize p proportional to arc-length. Then E(p) ≤ 1
2
ρ2. Let τ := 1
2
(c+1) ∈ (0, 1).
For γ ∈ Ω1(M, q0) define γ ∗τ p ∈ Ω1(M, q0, q1) by
(γ ∗τ p) (t) =
{
γ
(
t
τ
)
, 0 ≤ t ≤ τ,
p
(
t−τ
1−τ
)
, τ ≤ t ≤ 1.
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The map P : Ω1(M, q0) → Ω1(M, q0, q1), γ 7→ γ ∗τ p, is a homotopy equivalence with
homotopy inverse Ω1(M, q0, q1)→ Ω1(M, q0), δ 7→ δ ∗τ p−1. Notice that
E (γ ∗τ p) = 1τ E(γ) + 11−τ E(p) for all γ ∈ Ω1(M, q0).
Therefore,
P (E ca(q0)) ⊂ E caτ +
E(p)
1−τ (q0, q1) for all a.
Since E(p) ≤ 1
2
ρ2, there exists A > 0 depending only on c and ρ such that
ca
τ
+
E(p)
1− τ ≤ a for all a ≥ A.
Hence
P (E ca(q0)) ⊂ Ea(q0, q1) for all a ≥ A.
Since P is a homotopy equivalence, it follows that
dim ιk Hk (E ca(q0);Fp) ≤ dim ιk Hk (Ea(q0, q1);Fp) for all a ≥ A,
as claimed. ✷
Since (M, g) is energy hyperbolic, h := C(M, g) > 0. By definition of C(M, g) and by
Lemma 4.8 there exist p ∈ P and N0 ∈ N such that for all m ≥ N0,∑
k≥0
dim ιk Hk
(E 12m2(q0, q1);Fp) ≥ e 1√2 hm.
Recall that an ≥ n. Therefore there exists N ∈ N such that for all n ≥ N ,∑
k≥0
rank ιk ≥ ehn.
Together with Proposition 4.7 we find that∑
k≥0
rankHFk(ι) ≥
∑
k≥0
rank ιk ≥ ehn.
This and Corollary 4.5 yield Theorem 4.6. ✷
Remark. The essential point in the proof of Theorem 4.6 is that the sum
∑
k≥0 rank ιk
grows exponentially with n. This is so by our assumption that M is energy hyperbolic. In
the special case that the fundamental group of M has exponential growth, rank ι0 grows
exponentially with n. In another special case whereM is simply connected and hyperbolic,
a theorem of Gromov [21] guarantees the existence of a constant c(M, g) such that ιk is
surjective if n ≥ c(M, g)k, whence ∑k≥0 rank ιk grows exponentially with n.
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5. Proof of Theorem 1
5.1. From the growth of Floer homology to volume growth of Dq0(Σ). Theorem 4.6
implies that the Riemannian volume of the sequence of submanifolds ϕnK
(
Dq0(Σ)
)
grows
exponentially. Indeed, fix q0 ∈ M , and let p ∈ P and N ∈ N be as in Theorem 4.6. Let
n ≥ N and pick q1 ∈ Vn(q0). By (24), the generators of CFank (nK, q0, q1;Fp) correspond
to ϕnK (Dq0(Σ)) ∩Dq1(Σ). Therefore,
#
(
ϕnK(Dq0(Σ)) ∩Dq1(Σ)
)
= dimCFan∗ (nK, q0, q1;Fp)(28)
≥ dimHFan∗ (nK, q0, q1;Fp)
≥ ehn.
Let µg be the Riemannian measure on (M, g). Let g
∗ be the Riemannian metric on T ∗M
induced by g, and for a submanifold σ ⊂ T ∗M let µg∗(σ) be the measure of σ with respect
to the Riemannian measure on σ given by the Riemannian metric on σ induced by g∗. Note
that π : T ∗M → M is a Riemannian submersion with respect to the Riemannian metrics
g∗ and g, and recall from Corollary 3.5 that Vn(q0) is an open subset of M of full measure.
Therefore,
(29) µg∗
(
ϕnK(Dq0(Σ))
) ≥ ehnµg(Vn(q0)) = µg(M) ehn.
5.2. From volume growth of the sublevel to topological entropy at the level. If ϕ
is a C∞-smooth map of a compact manifold P , a geometric way of defining the topological
entropy of ϕ was found by Yomdin and Newhouse in their seminal works [45] and [33]:
Fix a Riemannian metric g on P . For j ∈ {1, . . . , dimP} denote by Sj the set of smooth
compact (not necessarily closed) j-dimensional submanifolds of P . The j’th volume growth
of ϕ is defined as
vj(ϕ) = sup
σ∈Sj
lim inf
n→∞
1
n
log µg (ϕ
n(σ)) ,
and the volume growth of ϕ is defined as
(30) v(ϕ) = max
1≤j≤dimP
vj(ϕ).
They do not depend on the choice of the Riemannian metric g used in their definition.
Yomdin proved in [45] that htop(ϕ) ≥ v(ϕ), and Newhouse proved in [33] that htop(ϕ) ≤
v(ϕ). Thus
(31) htop(ϕ) = v(ϕ).
With P = D(Σ) and ϕ = ϕK |D(Σ) we have, by (29), that vd
(
ϕK |D(Σ)
)
> 0. Hence, by (30)
and (31),
(32) htop(ϕK |D(Σ)) > 0.
Recall that Σ = ∂D(Σ). The topological entropy of a flow is defined as the topological
entropy of its time 1 map. Theorem 1 follows from (32) and the following
Proposition 5.1. htop(ϕK |Σ) = htop(ϕK |D(Σ)).
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Proof. For s ∈ [0, 1] define the diffeomorphism ψs of T ∗M by ψs(q, p) = (q, sp). Abbreviate
sΣ = ψs(Σ). Recall from (11) that K = f ◦F on D(Σ). Also recall from (5) that f ′(r) = 1
at r = 1. For (q, p) ∈ Σ we thus have
(33) Xf◦F (q, sp) =
(
f ′(F (q, sp))s
)
dψs(q, p)Xf◦F (q, p) = σ(s) dψs(q, p)Xf◦F (q, p).
For the latter equality we recalled that F (q, sp) = s2F (q, p) = s2 and abbreviated
σ(s) = f ′(s2)s.
If s ≤ ε, then σ(s) = 0, whence Xf◦F |sΣ = 0 and htop (ϕf◦F |sΣ) = 0. If s > ε, then
σ(s) > 0, and the identity (33) shows that ψs conjugates the flows ϕ
t
f◦F |Σ and ϕ
1
σ(s)
t
f◦F |sΣ.
Topological entropy is an invariant of conjugacy, and scales like htop(φ
ct) = |c|htop(φt) for
c ∈ R. Therefore,
htop
(
ϕtf◦F |sΣ
)
= σ(s) htop
(
ϕ
1
σ(s)
t
f◦F |sΣ
)
= σ(s) htop
(
ϕtf◦F |Σ
)
.
If s2 ≥ ε2, then f ′(s2) = 1, whence σ(s) = s ≤ 1. If s2 ∈ (ε2, ε), then f ′(s2) ≤ 2, whence
σ(s) < 2s < 2
√
ε < 1. If follows that
sup
s∈[0,1]
htop (ϕf◦F |sΣ) = htop (ϕf◦F |Σ) .
Proposition 5.1 can now be easily obtained from the variational principle for entropy. For
convenience, we appeal to the following result of Bowen, [5, Corollary 18], applied with
X = D(Σ), Y = [0, 1], φt = ϕ
t
K |D(Σ) and π : D(Σ)→ [0, 1], π(x) = s if x ∈ sΣ.
Let X, Y be compact metric spaces and φt : X → X a continuous flow. Suppose that
π : X → Y is a continuous map such that π ◦ φt = π. Then
htop(ϕ) = sup
y∈Y
htop
(
φ|pi−1(y)
)
.
✷
6. Proof of Corollary 1
It suffices to prove Corollary 1 for the Hamiltonian function K : T ∗M → R defined in (7).
Write q0 = q, and fix q1 ∈M and n ∈ N. Recall from the proof of Proposition 5.1 that for
s ∈ [0, 1] the flow ϕtK |sΣ is conjugate by ψs to the flow ϕσ(s)tK |Σ, where σ(s) = f ′(s2)s. We
can choose the function f such that, in addition to the properties (5), we have
σ′(s) = 2sf ′′(s2)s+ f ′(s2) > 0 for all s > ε.
Then the orbits of ϕtK |Σ starting from Σq0 at t = 0 and arriving on Σq1 at t ≤ n are in
bijection to points in ϕnK
(
Dq0(Σ)
) ∩Dq1(Σ).
Assume now that
q1 ∈ V (q0) :=
⋂
n≥1
Vn(q0).
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By Corollary 3.5 the set V (q0) has full measure in M . Let h be the constant from Theo-
rem 4.6, that depends only on (M, g). For q1 ∈ V (q0) we have, by (28), that
#
(
ϕnK(Dq0(Σ)) ∩Dq1(Σ)
) ≥ ehn
provided that n ≥ N is large enough. The first assertion of Corollary 1 follows.
Choose a sequence {q1,j} ⊂ V (q0) such that limj→∞ q1,j = q1. Let N ∈ N as chosen in
the beginning of 5.1. By (28), for each j ∈ N the intersection (ϕNK(Dq0(Σ)) ∩ Dq1,j (Σ))
is non-empty. We thus find a sequence of ϕtK-orbits γj on Σ such that γj(0) ∈ Σq0 and
γj(tj) ∈ Σq1,j for some tj ≤ N . By the Arzela`–Ascoli theorem we obtain a ϕtK-orbit γ on
Σ from Σq0 to Σq1 arriving at t ≤ N . ✷
Remark 6.1. Using Floer homologies HF[bn,an]∗ with suitable action windows, the assertions
of Corollary 1 can be improved: If π1(M) has exponential growth, then the exponential lower
bound for νn(q, q
′, H) holds for all pairs q, q′. Moreover, for all q, q′ ∈ M there are infinitely
many flow lines from SqM to Sq′M , see [44].
7. An example
The following example was pointed out to us by Gabriel Paternain. Following [30], we
consider the groupG = Sol, which is the semidirect product ofR2 withR, with coordinates
q = (x, y, z) and multiplication
(x, y, z) ⋆ (x′, y′, z′) = (x+ ezx′, y + e−zy′, z + z′).
The map (x, y, z) 7→ z is the epimorphism Sol → R whose kernel is the normal sub-
group R2. The group Sol is isomorphic to the matrix group
 ez 0 x0 e−z y
0 0 1

 .
It admits cocompact lattices. Indeed, let A ∈ SL(2,Z) be such that there is P ∈ GL(2,R)
with
PAP−1 =
(
λ 0
0 1/λ
)
and λ > 1. The injective homomorphism
Z
2
⋉A Z →֒ Sol
given by (m,n, l) 7→ (P (m,n), (log λ) l) defines a cocompact lattice Γ in Sol. The closed
3-manifold M := Γ \Sol is a 2-torus bundle over the circle with hyperbolic gluing map A.
Since the group Γ has exponential growth, M is energy hyperbolic.
If we denote by px, py and pz the momenta that are canonically conjugate to x, y and
z, respectively, then the functions
Mx = e
zpx,
My = e
−zpy,
Mz = pz
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are left-invariant functions on T ∗Sol. The 1-form θ defined by θq = e
−zdx is also left-
invariant. The Hamiltonian on Sol defined by
(34) 2H = e2z(px + e
−z)2 + e−2zp2y + p
2
z = (Mx + 1)
2 +M2y +M
2
z
is left-invariant and hence descends to M . Observe that H(q, p) = 1
2
|p+ θq|2, where the
norm is induced by the left-invariant Riemannian metric
ds2 = e−2zdx2 + e2zdy2 + dz2
on Sol. Note that |θq| = 1 at each q ∈ M , and that for each k > 0 the energy level
Σk := H
−1(k) is a 2-sphere bundle over the graph of θ. In terms of the functionsMx,My,Mz
we have Σk = M × Sk, where Sk =
{
(Mx + 1)
2 +M2y +M
2
z = 2k
}
. Since Sk encloses the
origin iff k > 1/2, the hypersurface Σk is fiberwise starshaped with respect to the origin
iff k > 1/2. Denote by ϕH the Hamiltonian flow of H . By Theorem 1, htop(ϕH |Σk) > 0
if k > 1
2
. The following proposition shows that the assumption in Theorem 1 that Σ is
fiberwise starshaped with respect to the origin can, in general, not be omitted.
Proposition 7.1. htop(ϕH |Σk) > 0 if and only if k > 1/2.
Proof. The Hamiltonian vector field of H is given by
(35) XH =


x˙ = (Mx + 1)e
z, M˙x = MxMz,
y˙ = My e
−z, M˙y = −MyMz,
z˙ = Mz, M˙z = M
2
y −Mx(Mx + 1).
The equations on the right hand side describe the Euler vector field associated to XH .
Fix k > 0, and abbreviate ϕ = ϕH |Σk . By the variational principle for entropy,
htop(ϕ) = sup
µ∈M(ϕ)
hµ(ϕ)
where M(ϕ) is the set of ϕ-invariant Borel probability measures on Σk, and hµ(ϕ) is the
entropy of ϕ with respect to the measure µ. By the Margulis–Ruelle inequality, in turn,
(36) hµ(ϕ) ≤
∫
Σk
χ+(q, p) dµ(q, p),
where χ+(q, p) is the sum of the positive Lyapunov exponents of (q, p) ∈ Σk. As explained
in [6, Section 3.2], the Lyapunov exponents of ϕ can be computed using the projection
Sol
z−→ R, and it turns out that
(37) χ+(q, p) = lim
T→∞
1
T
∣∣∣∣
∫ T
0
Mz(ϕ
t(q, p)) dt
∣∣∣∣.
We claim that for k ≤ 1/2 the right hand side of (36) vanishes for every invariant measure µ.
Indeed, if k < 1/2 equation (34) implies that Mx < 0. This and (35) imply that Mz =
M˙x/Mx =
d
dt
ln(−Mx), which, by (37), implies that χ+(q, p) = 0 for every (q, p) ∈ Σk.
Consider now the case k = 1/2. By (34) we have that Mx(q, p) ≤ 0 for every (q, p) ∈ Σk.
By the previous argument, if supt∈RMx(ϕ
t(q, p)) 6= 0 then χ+(q, p) = 0. Suppose that
(q, p) satisfies supt∈RMx(ϕ
t(q, p)) = 0. It follows from (35) that MxMy is a first integral
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of H . Since supt∈RMx(ϕ
t(q, p)) = 0, this integral must vanish. Hence Mx(q, p) = 0 or
My(q, p) = 0. If Mx(q, p) = 0, equation (34) yields My(q, p) = 0. By (35), My(ϕ
t(q, p)) = 0
for all t. Inspection of (35) shows that an orbit of the Euler vector field in the circle given
by the intersection of the plane My = 0 with the sphere (Mx+1)
2+M2y +M
2
z = 1 is either
the singularity Mx = My = Mz = 0 or a regular orbit that converges to the origin. But,
by Poincare´ Recurrence Theorem, µ-almost every point (q, p) is recurrent. Consequently
only the points with Mx = My = Mz = 0 may contribute to the integral in (36). These
points, by (37), do not have positive Lyapunov exponents. We conclude that htop(ϕ) = 0
if k ≤ 1/2.
Recall that Theorem 1 implies htop(ϕ) > 0 for k > 1/2. We give a different proof for this
example: For k > 1/2, the Euler vector field has the singularities p± given byMx =My = 0
and Mz = ±
√
2k − 1. The measure µM = dx ∧ dy ∧ dz is smooth on M × {p+} and ϕ-
invariant. Moreover, it is easy to see from [6, Section 3.2] that the positive Lyapunov
exponents of points in M × {p+} are given by the magnetic flow restricted to M × {p+}.
Let µ be the induced measure on Σk given by µ(A) = µM(A ∩ (M × {p+})) for every
Borel set A. It follows from the definition of entropy that hµ(ϕ) = hµM (ϕ|M×{p+}). By the
Variational Principle, Pesin’s formula, and (37),
htop(ϕ) ≥ hµ(ϕ) = hµM (ϕ|M×{p+}) =
∫
Σk
χ+(q, p) dµ(q, p) =
√
2k − 1 > 0,
finishing the proof of the proposition. ✷
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